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Kondo Lattie Senario in Disordered Semiondutor Heterostrutures
Kusum Dhohak and V. Tripathi
Department of Theoretial Physis, Tata Institute of Fundamental Researh,
Homi Bhabha Road, Navy Nagar, Mumbai 400005, India
We study nulear relaxation in the presene of loalized eletrons in a two-dimensional eletron
gas in a disordered delta-doped semiondutor heterostruture and show that this method an
reliably probe their magneti interations and possible long-range order. In ontrast, we argue that
transport measurements, the ommonly-employed tool, may not sometimes distinguish between
spatial disorder and long-range order. We illustrate the utility of using the nulear relaxation
method to detet long-range order by analysing a reent proposal made on the basis of transport
measurements, on the spontaneous formation of a two-dimensional Kondo lattie in a 2D eletron
gas in a heterostruture.
Introdution- The possibility of long-range harge or
magneti order of strongly-orrelated eletrons in meso-
sopi devies, suh as Wigner rystals [1, 2℄, harge den-
sity waves [3℄, and Kondo latties [4℄, has attrated a
great deal of attention in reent times. Theoretial inter-
est in these systems stems from the low-dimensionality
whih enhanes quantum eets, while the pratial mo-
tivation omes from the tunability of the material pa-
rameters by eletrial means, whih is not ahievable in
bulk materials. Experimental probes for long-range or-
der in mesosopi devies have been usually based on
transport measurements [4℄ as their small size makes it
diult to employ standard bulk methods suh as dira-
tion and nulear magneti resonane (NMR)[5, 6, 7℄.
However suitably adapted NMR methods are now be-
ginning to emerge as very promising tools for study-
ing eletron interations in mesosopi systems  reent
work shows that nulear polarization may be generated
[8, 9, 10, 11, 12℄ loally in suh devies and its relaxation
an be feasibly deteted [13, 14℄ through two-terminal
ondutane measurements, and the behavior of the nu-
lear relaxation rate onveys useful information about the
eletroni state in the devie. For example in the ontext
of the deade-old puzzle of the 0.7 ondutane anomaly
in quantum point-ontat devies [15℄, NMR an be used
to distinguish between three inompatible ontesting the-
ories - a Kondo eet, a spin-inoherent Luttinger liq-
uid state, or a polarized eletron liquid [13℄ even though
transport properties are similar in the three senarios.
In this paper, we study nulear relaxation as a probe
for long-range magneti (and rystalline) order of loal-
ized spins in a disordered, metalli two-dimensional ele-
tron gas (2DEG) in a delta-doped heterostruture. We
nd that the temperature dependene of the relaxation
rate for a disordered few-impurity system approximately
follows a linear−T law, while for strong enough inter-spin
interations, nulear relaxation in a regular array, or a
Kondo lattie, will show an exponential inrease, eA/T ,
with dereasing temperature. In ontrast, we argue that
transport measurements will show no signiant dier-
ene between the two situations. As an appliation of our
analysis, we disuss a reent experimental laim [4℄ based
on transport measurements in disordered GaAs/AlGaAs
delta-doped heterostrutures, on the spontaneous forma-
tion of a Kondo lattie in the 2D eletron gas in the
heterostruture.
Experimental ontext- Kondo lattie materials, suh as
heavy fermion metals, are being intensely studied [16, 17℄
to understand the nature of the ompetition of the mag-
neti ordering tendeny of the loalized eletrons and the
sreening tendeny (Kondo eet) of the ondution ele-
trons, lose to quantum ritiality. A 2D Kondo lattie,
if engineered in a heterotruture, would oer the twin
advantages of redued dimensionality and tunability of
parameters[4℄, and, as we show below, nulear relaxation
an be used to study these systems.
In Ref. [4℄ it was observed that the 2DEG ondutane
showed an alternating splitting and merging of a zero
bias anomaly (ZBA) upon varying the gate voltage Vg.
The authors interpreted these observations as evidene
for the formation of a spin-1/2 Kondo lattie embedded
in a 2DEG with the following physial piture. Vary-
ing the gate voltage aets the 2DEG density, whih,
in turn, ontrols the sign of the RKKY exhange intera-
tion, JRKKY (Rij) ∼ (J2ρ/R2ij) cos(2kFRij), of the loal-
ized spins. Here J is the Kondo oupling of the loalized
spins with the ondution eletrons, and ρ is the density
of states at the Fermi energy.
Nevertheless, the observation of the ZBA splitting is
not suient to prove the existene of a Kondo lattie.
Suh an eet has been observed in the ontext of dou-
ble quantum dot (DQD) systems [18, 19℄, and attributed
to the ompetition of Kondo and interdot exhange in-
terations. Even in a sample with a small number of
loalized spins, the Kondo and RKKY ompetition will
be dominated by the pairs of spins with the strongest
exhange interations. To this end, we need to show that
the nulear relaxation rates have qualitatively dierent
signatures for the Kondo lattie and few Kondo impuri-
ties senarios.
Nulear relaxation takes plae through nulear ou-
pling to loalized spins S as well as ondution eletrons
σ : H
lo
= AdI · S + AsI · σ. The relaxation ontribu-
tion from loalized (eletron) spins is usually muh larger
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Figure 1: (Color online) Plots showing the qualitative dier-
enes in the temperature and (AFM) interdot exhange inter-
ation J
ex
dependenies of the nulear relaxation rates T−1
1
for
a double quantum dot system and Kondo lattie. Main plot:
T−1
1
(T ) for (a) a double dot system; (b) a Kondo interation
dominated lattie (J
ex
/ωK < 1); (,d) a Kondo lattie where
J
ex
/ωK > 1 and T < (>)T
mf
C , where T
mf
C is the mean-eld
transition temperature. Dotted urve interpolates between
these two temperature regimes (there is no phase transition).
Inset: T−1
1
as a funtion of J
ex
/ωK for (i) the double dot sys-
tem - note that T−1
1
vanishes for J
ex
/ωK > pi; and (ii) for the
Kondo lattie.
FM AFM
Double
impurity
Linear-T at low temp.
and 1/T at high temp.
Zero at low temp. and
1/T at high temp.
Lattie T/(T − Tc)
3/2
at high
temp. and exp(1/T ) at
low temp.
T/(T − Tc) at high
temp. and exp(1/T )
at low temp.
Table I: Distinguishing dierent physial senarios with NMR
in devies similar to those onsidered here [21℄. Taking
only the loalized spin part, the nulear relaxation rate
an be expressed in terms of the transverse impurity sus-
eptibility, T−11 =
A2dkBT
~2(gsµB)2
Im
(
χ+−i (ω)
2ω
)
ω→0
. We show
below that the temperature dependenies of 1/T1 in the
Kondo lattie and few quantum dot senarios are quali-
tatively dierent. The results obtained in the paper are
illustrated in Fig. 1 and Table I.
Model- We onsider the following model Hamiltonian
for S = 1/2 magneti impurities Si in a 2-dimensional
eletron gas:
H =
∑
k
ξkc
†
kσckσ + J
∑
i
σi · Si. (1)
Here σi the ondution eletron spin density at ri.
We use the drone-fermion representation for the lo-
alized spins [22, 23℄: S+i = f
†
i χi/
√
2, S−i = χifi/
√
2,
and Szi = f
†
i fi − 1/2, where fi and f †i are fermi-
noni operators and χ are real Majorana fermions de-
ned by {χi, χj} = δij . Note that the ommutation
relations for the impurity spins are automatially sat-
ised, obviating the need to impose loal onstraints
on the fermion number. Introduing the bosoni op-
erators, ai = (f
†
i ci↑ + χici↓/
√
2)/
√
2, bi = (f
†
i c
†
i↓ −
χic
†
i↑/
√
2)/
√
2, the interation part of the Hamiltonian
(up to onstants and irrelevant terms) an be written as
Hint = −J
∑
i
(
a†iai + b
†
i bi
)
. Fatorizing Hint using the
Hubbard-Stratonovih transformation introduing elds
∆i1 and ∆
i
2, and further making the transformations
∆i1,2 = |∆i1,2|eiφ
i
1,2 , f → fei(φ2−φ1), c↑(r) → c↑(r)eiφ2 ,
c↓(r) → c↓(r)eiφ1 , the partition funtion an be written
in path integral form:
Z =
∫
D(c, f, χ,∆) e−
R 1
T
0
dτ [S0+Sint+ 1J
P
i(|∆
i
1|
2+|∆i2|
2)];
S0 =
∑
kσ
c†kσ (∂τ + ξk) ckσ +
∑
i
(f †i ∂τfi +
1
2
χi∂τχi),
Sint =
∑
i
|∆i1| (ai + a†i ) + |∆i2| (bi + b†i ) + φ˙ terms. (2)
We make a mean eld analysis, negleting the utu-
ations in φ's and ∆'s. The frequeny-dependent loal
transverse suseptibility at low temperatures T ≪ TK
an be shown to be [23℄
χ+−i (ωm)
(gsµB)2
= 〈TτS+i (τ)S−i (τ ′)〉ωm ≃
2
pi (|ωm|+ ωK) .(3)
Here ωm are bosoni Matsubara frequenies, and ωK =
D exp(−4/3ρJ). Note that ωK diers from the orret
Kondo temperature, kBTK ∼ De−1/(ρJ). This is an ar-
tifat of the mean eld approah. An analyti ontinu-
ation, χ+−i (ωm) → χ+−i (ω) = (gsµB)2/pi(−i~ω + ωKi),
to real frequenies leads to the well-known result T−11i =
A2dkBT/pi~ω
2
Ki for T ≪ ωK .
Nulei may also relax through their hyperne oupling
with ondution eletrons. It is easy to see that at low
temperatures, the ratio of the nulear relaxation rates
from impurity oupling and ondution eletron oupling
is (ω2Kρ
2R4enpi)
−1, where Ren is the eletron-nuleus sep-
aration. Thus the impurity oupling mehanism domi-
nates as long as Ren < 1/
√
ωKρpi1/2 ≈ 160nm.
Double or a few-impurity system- We now onsider
the impurity spin suseptibility for two spins S1,S2
at R = R1,R2 whih have an exhange interation
H
ex
= J
ex
(R12)S1 · S2 among them. If the wavefun-
tions of the loalized eletrons have a signiant overlap,
then diret exhange would be dominant. Indiret (or
RKKY) exhange is more important at larger separa-
tions. Here it also beomes important to ompare the
relative strengths of the RKKY interation between the
impurity spins with the hyperne interation of either
of the impurities with neighboring nulei. The RKKY
interation J
RKKY
falls o with distane R12 not faster
than J
RKKY
∼ J2ρ/R212. This should be ompared with
Ad = As/lloR
2
dot
, where R
dot
is the size of the quan-
tum dot in the plane of the heterostruture and l
lo
is
3the thikness of the 2DEG. We use the following pa-
rameters for a GaAs/AlGaAs heterostruture, Jρ ∼ 1,
l
lo
∼ 1nm, R
dot
∼ 10nm, As = 3.8 × 10−54Jm3, and
m = 0.063me. Then JRKKY ≫ Ad/Nnu is satised if
R
12
≪
√
1/Adρ ≈ 1mm, and this is true for most de-
vies. Thus the nulei ouple to the RKKY bound pair
S1 + S2 rather than the spins separately. The impurity
suseptibility now involves both on-site and intersite or-
relations, and we have, to leading order in inter-impurity
interation for T ≪ TK ,
T−11 =
A2dkBT
pi~ω2K1
(
1 +
ω2K1
ω2K2
− Jex
piωK2
(
1 +
ωK1
ωK2
))
. (4)
When J
ex
/ωK ≥ pi, the nulear relaxation rate is sup-
pressed to zero: this is the maximum value of J
ex
/ωK for
whih the behavior is governed by the Kondo sreening
of the impurity spins. Indeed, even for a large ferromag-
neti oupling of the spins, the ground state is a Kondo
singlet [24℄. At antiferromagneti ouplings J
ex
> piωK ,
the ground state is an RKKY singlet whih is unable to
exhange spins with the nulei. While our analysis is only
to leading order in J
ex
, more aurate alulations [24℄
based on numerial renormalization group methods have
shown that this ritial point ours at J
ex
/kBTK ≈ 2.2.
We disuss now the validity of the mean eld treat-
ment. Note that the mean eld ∆ orresponds to bind-
ing energy of the impurity fermion with the loal on-
dution eletron. Ignoring utuations of the phase of
∆ results in underestimation of ωK (see text following
Eq. 3 and also Ref. [23℄). Amplitude utuations of
∆ may be ignored as long as the Kondo energy domi-
nates inter-impurity exhange, i.e., for small J
ex
/ωK . In
fat, the mean eld approah is inapable of apturing
the physis of the magnetially ordered phase.
With a larger number of spatially disordered impurity
spins, one an show that for weak inter-impurity inter-
ations, the nulear relaxation rates have linear-T be-
havior with logarithmi fators arising from the random
distribution of Kondo temperatures of individual impu-
rities [25℄. For strong inter-impurity exhange intera-
tions, we an ignore the Kondo eet to leading order. In
that ase, it is known that the magneti suseptibility at
low temperatures is dominated by pairs with the weak-
est exhange interations [20℄  this leads to a weakly-
inreasing suseptibility eC ln
1/2(T0/T )
(instead of zero for
the double impurity ase). Nevertheless, the nulear re-
laxation rate is dominated by the linear-T prefator as
the exponential term is weaker than any power law.
Kondo lattie- The main physial dierene from the
two-impurity ase is the existene of low energy mag-
neti exitations in the lattie for any value of the ratio
J
ex
/ωK . As a result, signiant nulear relaxation still o-
urs for large antiferromagneti inter-impurity ouplings
unlike the two-impurity ase where it vanishes.
We onsider rst the senario where we have a lattie
of Kondo impurities with a weak exhange interation
(J
ex
≪ ωK) among the neighboring spins. Suppose that
J
ex
(q) has maximum value at q = Q, and assume the
wavevetor dependene in the viinity of the maximum
is J
ex
(Q+ q) = J
ex
(Q)− (Ds/nimp)a2q2, where a is the
lattie onstant of the Kondo array and Ds the spin wave
stiness. The random phase approximation (RPA) sus-
eptibility in this momentum region has the form
χ+−Q+q(ω, T ) =
(gsµB)
2
pi
(
ωsf (T )− i~ω + Dsa2q2π
) , (5)
where ωsf (T ) =
(gsµB)
2
πχ+−i (0,T )
− Jex(Q)nimpπ . A new energy
sale ωsf (0) = ωK − Jex(Q)nimp/pi appears representing
the ompetition of Kondo and inter-impurity exhange
interations. As J
ex
(Q)n
imp
→ piωK , the uniform, stati
transverse suseptibility tends to diverge signaling a mag-
neti phase transition. Using the known temperature
dependene of the suseptibility of a Kondo impurity,
χ+−i (0, T ) ≃ χi(0)(1 − Ck2BT 2/ω2K),(C is a onstant of
order 1), together with the frequeny dependene of Imχ
from Eq. 5, the nulear relaxation rate for kBT ≪ ωK
turns out to be
T−11 = A
2
dkBT/4pi
2
~Dsωsf (T ). (6)
There is a ruial dierene between the nulear relax-
ation results for the Kondo lattie in Eq. 6 and the two-
impurity ase. Consider for simpliity ωK1 = ωK2 = ωK .
First, near the transition J
ex
(Q)n
imp
/ωK = pi, 1/T1 for
the Kondo lattie is large and nite, while it tends to
vanish for the two-impurity ase.
Now we onsider the ase when loalized spin-spin
interation is dominant and neglet the Kondo inter-
ation in the zeroth order. We are partiularly inter-
ested in the regime lose to a magneti phase transition.
The Hamiltonian desribing the system would be H =∑
k,σ ξkc
†
kσckσ+
∑
q Jex(q)Sq ·S−q+J
∑
i σi ·Si, where J
is to be treated now as a perturbation. J
ex
(q) represents
all exhange proesses exept indiret exhange (RKKY),
J
RKKY
(q, ω) = J2
∑
k
nk−q/2−nk+q/2
ω+ǫk−q/2−ǫk+q/2+iδ
. Thus we may
write the eetive inter-impurity exhange interation as
J
ex
(q, ω) = J
ex
(q) + J
RKKY
(q, ω). where We now Tay-
lor expand the exhange interation near its extremum,
J
ex
(Q + q) = J
ex
(Q)(1 − α2q2), where J
ex
(Q)α2 =
(Ds/nimp)a
2. The spin suseptibility near the ordering
point is approximately
χ+−Q+q(ω) =
(gsµB)
2
4kBTmfC {α2/ξ2 + α2q2 − iγQ+q(ω)}
,(7)
where Q is the wave vetor of ordering, TmfC is the mean-
eld magneti transition temperature, ξ(T ) is the mag-
neti orrelation length and γq(ω) is the imaginary part
of J
ex
(q, ω)/J
ex
(Q), γq(ω) ≃ pi(Jρ)2~ω/4Jex(Q)kF q =
γ(q)ω. We an now estimate the nulear relaxation rate.
4For an antiferromagneti (AFM) square lattie, the or-
dering happens at Q = (pi/a, pi/a). Then the relaxation
rate at the site of any given impurity is
T−11 (T ) =
A2d(Jρ)
2J
ex
(Q)n2
imp
64~D2skFQ
T
TmfC
ξ(T )2
a2
. (8)
Eq. 8 diers from estimates [26℄ of 1/T1 for Heisenberg
antiferromagnets beause in our ase, the magnon de-
ay is on aount of the RKKY oupling of the impurity
spins. Similarly for the ferromagneti (FM) ase,
T−11 (T ) ≈
A2dpi(Jρ)
2J
ex
(Q)n
imp
128~kFaD2s
T
TmfC
ξ(T )3
a3
. (9)
The temperature dependenies of the orrelation lengths
are similar for the AFM and FM ases,
ξ(T ) ≃
{
α
√
TmfC /(T − TmfC ), T > TmfC ,
a exp(2piD′s/kBT ), T < T
mf
C ,
(10)
where the low temperature behavior for the antiferro-
magnet was obtained in Refs. [26, 27℄, and for the ferro-
magnet from Refs. [27, 28℄. D′s ≈ 0.18Jex(Q)nimp is the
exat spin wave stiness at T = 0 for a 2D (square lat-
tie) Heisenberg magnet. These results also dier from
the usually-enountered 3D Kondo lattie systems [29℄,
beause of the qualitative dierene in the behavior of
ξ(T ) at low temperatures.
Finally let us disuss the eet of the Kondo inter-
ation on our results. In presene of inter-impurity
exhange interations, the singular Kondo orretions
(∼ (Jρ) ln(D/kBT )) to the gyromagneti ratio of the
impurity spins are modied to (Jρ) ln(D/
√
J2
ex
+ k2BT
2)
[30℄. Consequently, the primary eet of Kondo orre-
tions is to derease the Stoner ritial temperature TmfC
as well as the pre-fator in the expressions for the nulear
relaxation rates but the temperature dependene of T−11
does not hange signiantly. Eqs. 4, 6, 8 and 9 are our
main results and are plotted in Fig. 1.
There is also a possibility of a magneti instability be-
low the Kondo temperature. In this ase the ZBA split-
ting would be smaller than the heavy fermion band-
width, ωK , unlike the above ase where the ZBA splitting
is larger. As an example, for a Fermi liquid with FM spin
utuations, results for nulear relaxation available in the
literature [31℄ and are similar to our JRKKY /ωK > 1 re-
sults. The dierene will be seen in the magnitude of
ZBA splitting relative to ωK .
In summary, we alulated the nulear relaxation rates
T−11 for the Kondo lattie and the few disordered mag-
neti impurities ases and showed that they have qualita-
tively dierent low temperature behaviors: when inter-
spin exhange interations are strong ompared to the
Kondo energy ωK , the temperature dependene of T
−1
1
for the few-impurity system will follow an approximate
linear−T law, while for the Kondo lattie T−11 will show
an exponential behviour eA/T at low temperatures. In
ontrast, we argued that transport measurements [4℄ in
this ase may not provide a linhing evidene for the
formation of rystalline order (Kondo lattie). The expo-
nential temperature dependene is speial to two dimen-
sions and indiates stronger spin utuations: a power-
law behavior is expeted in three dimensions on either
side of the transition temperature[29℄. These results also
dier from a 2D Heisenberg magnet beause in our ase,
magnon deay is mediated by ondution eletrons. We
hope our study will work towards enouraging the use of
NMR measurements as an additional handle for study-
ing magnetism and long-range order in low-dimensional
ondutors.
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